Abstract. We present a non-technical introduction to the general boundary formulation (GBF) of quantum theory. We emphasize the main motivation for the GBF: Formulating the quantum theory in way compatible with the principles of general relativity. We give an overview of the basic structures of the GBF, defining the notions of state space, amplitude, probability interpretation and expectation value of observables in the GBF. Finally, we briefly mention some of the results obtained so far and indicate future lines of research.
The general boundary formulation (GBF) is a new axiomatic formulation of quantum theory. Applied to quantum field theory (QFT), the GBF has emerged as a powerful tool to describe the dynamics of quantum fields. The development of the GBF has been mainly motivated by the problem of quantum gravity [1] . One of the difficulty of this problem is that in their standard formulation quantum mechanics and general relativity appear to be incompatible: For example in the quantum theory spacetime is a fixed, nondynamical background on which the matter degrees of freedom are quantized, while in general relativity spacetime is treated as a physical system obeying equations of motion, the Einstein equations. Moreover the application of the standard quantization techniques to the gravitational field yields a QFT which turns out to be non-renormalizable and is consequently understood as an effective field theory valid only at energy scales well below the Planck scale. Besides the technical difficulties of the quantization, quantum gravity presents also some conceptual issues. We mention here two of them: The so called problem of time and what we call the problem of locality. The first problem originates from the very different rôles played by time in the quantum theory and in general relativity. In quantum theory the evolution of a system is described with respect to an absolute structure independent of the state of the system: Newton's absolute time in quantum mechanics, namely the parameter t appearing in the Schrödinger equation or Minkowski spacetime in standard QFT. In general relativity the spacetime metric is dynamically coupled to matter fields and dynamics does not refer to an external fixed parameter. No fundamental notion of time seems to appear in a quantum treatment of the gravitational field. What we mean by the problem of locality can be summarized in the following question: How can we describe measurement processes that involve only a local region of spacetime in a full quantum gravitational context? In ordinary Minkowski-based QFT, locality relies on the causal structure of the spacetime metric and the cluster decomposition principle that guaranties that spacelike separated systems can be treated independently for each other. But in the absence of a background fixed spacetime metric, as will be the case for a theory of quantum gravity, how can a system be separated from the rest of the universe? The technical and conceptual difficulties mentioned so far represent serious obstructions for the applicability of the standard quantization techniques to general relativity. So one might well ask if it is possible to sufficiently extent the standard formulation of quantum theory in order to solve the problems (or at least part of them) related to quantization of the gravitational field. In particular we want to formulate a quantum theory that makes no explicit reference to a background spacetime and that describes physics in a manifestly local way. We argue that the GBF, by using the mathematical framework of topological quantum field theory (TQFT) and by generalizing the Born rule to obtain a consistent physical interpretation, satisfies such requirements.
The basic ingredients of the GBF can be summarized as follows: state spaces are associated with boundary hypersurfaces of any spacetime region, and amplitudes are associated with the region and are given by maps from these state spaces to the complex numbers 1 . We then require that these structures satisfy a set of axioms assuring their consistency, in the spirit of TQFT. In particular we denote by H Σ the Hilbert space of states associated with an oriented hypersurface Σ. If Σ represents the same hypersurface but with opposite orientation, then we have H Σ = H * Σ where the star indicates the dual Hilbert space. In the case of a decomposition of Σ in the disjoint union of hypersurfaces, Σ = Σ 1 ∪ · · · ∪ Σ n , the corresponding Hilbert space can be written as the tensor product of Hilbert spaces associated with each hypersurfaces as H Σ 1 ⊗ · · · ⊗ H Σ n . To each spacetime region M with boundary ∂ M we associate a linear amplitude map ρ M from the Hilbert space H ∂ M to the complex numbers: ρ M : H ∂ M → C. The amplitude map is required to satisfy the following gluing rule: If M and N are adjacent regions sharing a common boundary Σ, then the amplitude map ρ M∪N relative to the union of the two regions is obtained by composing the amplitude maps ρ M and ρ N as ρ M∪N = ρ M • ρ N , where the composition • involves a sum over a complete basis of H Σ , the Hilbert space associated with Σ:
where ψ 1 ∈ H ∂ M\Σ , ψ 2 ∈ H ∂ N\Σ and {ξ i } i∈I is an orthonormal basis of H Σ . For a complete list of axioms defining the GBF see [2] . The amplitude map ρ generalizes the standard notion of transition amplitude, that arises from a special choice of the spacetime region. Indeed, consider a field in Minkowski spacetime and the region bounded by the disjoint union of two equal-time hyperplanes Σ 1 = {(t, x) : t = t 1 } and
The amplitude for the state of the field given by the tensor product
, where
with U(t 1 ,t 2 ) denoting the standard time evolution operator. As mentioned above a consistent probability interpretation is defined within the GBF by generalizing the Born rule. We first notice that in the example just considered the state ψ 1 represents the preparation of the system (the field) and ψ 2 is the outcome of a measurement performed on the system. These two types of data, preparation and observation, are encoded in the GBF as closed subspaces of the Hilbert space of states associated with the boundary of the spacetime region. We call S ⊂ H ∂ M the closed subspace corresponding to our knowledge of the preparation of the system (or the process we are interested in) and we call A ⊂ H ∂ M the closed subspace encoding the outcome of the measurement. We can now define the conditional probability P(A |S ) of the measurement process being described by A given that it is described by S as
where P S and P A are the orthogonal projectors onto the subspaces S and A respectively. In order for this expression to make sense, the linear map ρ M • P S : H ∂ M → C is required to be continuous (but does not vanish). This condition implies that ρ M • P S is an element in the dual Hilbert space H * ∂ M and the symbol · in (3) denotes the norm in H * ∂ M . Referring again to the spacetime region M = [t 1 ,t 2 ] × R 3 we consider the transition from the initial state ψ 1 at time t 1 to the final state ψ 2 at time t 2 . The GBF description of this process amounts to specify the subspaces S and A :
Then, noticing that ρ M • P S 2 = ∑ i∈J | η i |U(t 1 ,t 2 )|ψ 1 | 2 = 1 where {η i } i∈J is an orthonormal basis of S , the conditional probability P(A |S ) reduces to
i.e. we recover the standard probability for this transition process. Since measurement processes take place in spacetime regions, observables in the GBF are associated to regions and are modeled by linear maps, called observable maps, from the Hilbert spaces of the boundaries of the regions to the complex numbers. Such maps are required to satisfy a set of axioms. We refer to [3] for details and here we just mention that the usual observables and expectation values of the standard quantum theory can be consistently recovered form the observable maps. Moreover by composing different observable maps one can reconstruct a non-commutative algebra of observables.
The above considerations lead to the conclusion that standard QFT arises as a special case of the GBF of QFT. In this sense the GBF can be seen as an extension of the standard quantum theory. Because of the arbitrary form of the hypersurface enclosing the region where the physical processes we are interested in take place, the GBF appears as a very versatile and powerful tool for studying quantum fields and presents many advantages over the standard treatment. First of all, the GBF offers a new perspective on QFT: Geometrical aspects of QFT, involving for example horizons or the holography principle, may be more appropriately analyzed and better understood within the GBF. Moreover the study of processes confined in a compact spacetime region, namely a region bounded by a hypersurface having spacelike as well as timelike parts, appears to be problematic with the standard techniques of QFT, while the GBF provides the appropriate framework for their description. Compact boundaries are interesting because they are directly related to real experiments that are confined in finite region of spacetime 2 . So the GBF can handle without conceptual problems (although the technical ones may be non trivial) situations where standard QFT fails to provide a rigorous treatment. For example, consider a massive field in a spacetime region where a static black hole is present. The interaction of the field with the black hole will always be active, from the infinite past to the infinite future. How can we define an S-matrix for the field? The usual definition of S-matrix involves the existence of free temporal asymptotic states of the quantum field which are not available in the present context. However, far away from the black hole, a notion of free spatial asymptotic states is available, and one can compute amplitudes for these states within the GBF. Another interesting application of the GBF will be the following: By using the same notion of spatial asymptotic amplitudes it will be possible to define an S-matrix for a field in Anti-de Sitter spacetime where no asymptotic temporal regions exist. Finally, the GBF appears to be particularly relevant in a quantum gravitational context. Imagine that we have at our disposal a general boundary quantum theory of the gravitational field 3 . Such a theory will be defined on a topological manifold, possibly with additional structures. So, we consider a compact region bounded by a closed hypersurface. To this hypersurface is associated the Hilbert space of states of the quantum gravitational field. We can now choose a semiclassical state in this Hilbert space, namely a state picked around a classical configuration of the gravitational field. Then, all the relevant spatiotemporal informations can be read from this semiclassical state. In particular this state will define the spatial and temporal extension of the region considered, thus providing a solution to the problem of time and the problem of locality. It is worth noting that the same idea of a semiclassical boundary quantum gravitational state is used in certain approaches to quantum gravity like Loop Quantum Gravity and Spin Foam models, in relation to the computation of the graviton scattering [5] . Another interesting observation concerning the GBF and quantum gravity is the following. Since general relativity has no local degree of freedom in three dimensions, 3d-quantum gravity is formulated as a topological quantum field theory and automatically fits in the GBF which is based on the mathematical framework of TQFT.
We conclude by mentioning some of the results obtained so far and indicating future lines of research. Two quantization schemes have been developed: the Schrödinger-Feynman quantization where the quantum states of the field are described by wave func-tionals on the space of field configurations and the path integral quantization prescription is implemented, and the holomorphic quantization inspired by geometric quantization techniques. Interacting QFT has been studied perturbatively in Minkowski as well as in a wide class of curved spacetimes, for regions with spacelike boundaries but also for regions with timelike boundaries [6] , leading to new representations of the Feynman propagator as well as new types of S-matrices. The general structure of the vacuum state and the unitarity of the quantum evolution for a scalar field in curved spacetime within the Schrödinger-Feynman scheme has been considered, [7] . The GBF is a work in progress and several issues are still to be settled and understood. The relation of the two quantization schemes as well as the development of more rigorous ones for interacting QFT is currently under active research. The consideration of more general regions and boundaries than those considered so far is also an important question. Particular effort should also be devoted to the study of physical effects like the Unruh and Hawking effects within the GBF. Of course the main goal is the application of the GBF to the quantum gravity issue and the proposal of a new candidate for quantum gravity.
